Recently, a general method for calculating conserved charges for (black hole) solutions to generally covariant gravitational theories, in any dimensions and with arbitrary asymptotic behaviors has been introduced. Equipped with this method, which can be dubbed as "solution phase space method," we calculate mass and angular momentum for the Kerr-dS black holes. Furthermore, for any choice of horizons, associated entropy and the first law of thermodynamics are derived. Interestingly, according to insensitivity of the analysis to the chosen cosmological constant, the analysis unifies the thermodynamics of rotating stationary black holes in 4 (and other) dimensions with either AdS, flat or dS asymptotics. We extend the analysis to include electric charge, i.e. to the Kerr-NewmandS black holes. * The final publication is available at Springer via http://dx
Introduction and summary of the results
In the early 70s, black holes (BHs) were distinguished to show thermodynamic behaviors. By a semi-classical analysis, their temperature (which is called Hawking temperature) was shown to be related to their geometry by T H = κ 2π where κ is the surface gravity on their event horizon [1] . Seeking analogues of the first and second laws of thermodynamics to hold for the BHs, and with the help of the Hawking temperature, their entropy was also read from their geometry. Specifically for the Einstein-Hilbert (EH) gravity, the entropy (which is called Bekenstein-Hawking entropy) was found to be S = A H 4G , in which A H is the area of the event horizon [2, 3] . One could also find the same result for the entropy of a black hole, by studying directly the entropy of the Hawking radiation emitted in the whole process of the evaporation [4, 5] . Nonetheless, a robust classical, semi-classical or quantum description for the microstates corresponding to the origin of this entropy is still an open question, although some interesting proposals have been suggested. One of the famous works in this direction was utilizing the string theory to describe microstates of some supersymmetric BHs [6] . Another appreciated attempts for the realization of BH microstates have been based on the loop quantum gravity [7] [8] [9] . A seminal progress in describing BH entropy was made in 1993-94 by Iyer and Wald [10, 11] , who defined the entropy as a Noether conserved charge associated with the normalized horizon Killing vector, calculated by an integral over the bifurcation surface of the BH event horizon. This definition confirmed the Bekenstein-Hawking entropy for the EH theory. In addition, it made the definition of the entropy independent of the first law. As a result, the first law of thermodynamics (in the absence of Abelian gauge fields) could be proved as an identity relating variation of different conserved charges [11] .
Kerr-de Sitter BHs (Kerr-dS) are a family of BHs in 4-dimensional spacetime as solutions to the EH gravity with positive cosmological constant [12, 13] (see Refs. [14, 15] as nice reviews). After the realization of the thermodynamic behaviors in BH physics, Kerr-dS BHs have been also studied in this context [16, 17] . By the discovery of accelerating expansion of the universe [18] , which can be modelled as a de Sitter spacetime, the study of Kerr-dS BHs has found more motivations. Besides, constructing a consistent dS/CFT correspondence has necessitated the understanding of the thermodynamics of asymptotic de Sitter BHs [19] [20] [21] [22] [23] [24] [25] . Nonetheless, the literature on this subject is not yet well-established due to the appearance of negative or ambiguous masses, absence of well-defined asymptotics, ambiguity in the choice of Killing vector to which mass is associated, dealing with first laws containing pressure terms, or terms relating entropies of different horizons, and problems in regularization of conserved charges and choosing appropriate and unique reference points for them. In order to have a glance at the literature of Kerr-dS BH's conserved charges and thermodynamics, see e.g. Refs. [14] [15] [16] [17] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . The goal of this paper is to circumvent the difficulties alluded above, and provide a coherent and firm thermodynamic description for these geometries.
Recently, a method for calculating conserved charges associated with "exact symmetries" of (black hole) solutions in generally covariant gravitational theories, for generic asymptotics and in any dimension has been presented [40] . We can dub it as "solution phase space method", or SPSM for short. It casts calculation of conserved charges into a simple unified formulation. This method has enabled us to circumvent difficulties mentioned above based on some of its peculiar properties (which will be discussed thoroughly):
-Conserved charges associated with "exact symmetries" (specifically mass, angular momenta and electric charges associated with stationarity, axial isometries and global gauge transformations) can be calculated by an integration over (almost) arbitrary co-dimension-2 surfaces. As a result, mass, angular momenta, and electric charges can be considered as charges attributed to the whole geometry, i.e. independent of any specific horizon, asymptotics, etc.
-In SPSM, calculated conserved charges are automatically regular and unambiguous.
-Entropy is dealt as a conserved charge associated with a specific exact symmetry, on the same footing as other charges. Hence, it can also be calculated over arbitrary codimension-2 surfaces, even in the presence of nonvanishing energy-momentum tensors.
-Entropy is a property attributed to a horizon through the definition of its exact symmetry Killing vector field/generator: Its generator would be a linear combination of generators of stationarity, axial isometry and global gauge transformation, in which the linear coefficients are determined by the choice of the horizon.
-For any chosen horizon, the coefficients relating the entropy generator to the generators of other conserved charges are exactly the same coefficients appearing in the first law(s), which relate(s) variations of the entropies to the variations of other charges. So, by linearity of the conserved charges in their generators, there would be a "first law" for each one of the chosen horizons.
-The presence of a rigid gauge transformation in the generator of the entropy remedies the deficiency of Iyer-Wald proof of the BH's first law, when there are some gauge fields.
SPSM enables us to calculate mass and angular momentum for Kerr-dS BHs independent of any horizon or asymptotics. Then, for any chosen horizon, entropy and first law can be calculated and proved. Interestingly, the analysis shows that thermodynamics of these BHs can be explained in a unified way with the Kerr and Kerr-AdS BHs. The results are as follows. Consider stationary BHs in 4-dimensional spacetime as solutions to the theory described by the Lagrangian density L = 1 16πG (R − 2Λ), which are asymptotically AdS, flat, or dS (depending on the sign of Λ). Their asymptotically-non-rotating metric can be written as
where
Mass and angular momentum as conserved charges associated with the exact symmetry generators ∂ t and ∂ ϕ are calculated for these geometries to be unambiguously
independent of any chosen horizon or asymptotics. Assuming legitimate parameters 0 ≤ m and a, and for any chosen Λ, these conserved charges are always positive. On the other hand, entropy, surface gravity and angular velocity associated with each one of the horizons present in the geometry can be expressed respectively as 3) in which r H is the radius of the considered horizon. The chosen horizon can be inner or outer event or cosmological horizon. By invoking the Hawking temperature(s) T H = κ H 2π (here H in T H refers to the "Horizon") [16] , these BHs satisfy the first law(s) of thermodynamics
for each one of the horizons. In the case of Λ < 0, Λ = 0, and Λ > 0 and for legitimate parameters m and a, geometry and thermodynamics of the Kerr-AdS, Kerr, and Kerr-dS BHs are found respectively.
The paper is organized as follows. In Sec. 2, a quick but practical review of SPSM is presented. In Sec. 3, thermodynamics of Kerr-dS BHs is analyzed. In Sec. 4, the analysis is extended to the electrically charged BHs. Finally, we conclude the analysis in Sec. 5. A more conceptual review of SPSM is provided in Appendix A.
A practical review on solution phase space method
In this section, we provide a review on the "solution phase space method" which is a recent method for calculating conserved charges associated with "exact symmetries," proposed in Ref. [40] (and its precursor Ref. [41] ). For the ease of the reader, the review is presented in this way: here, the method is described as a very quick and shallow but practical instruction followed by a simple example, in order to illustrate simplicity and generality of the method. In Appendix A, we will provide a more conceptual review of the method. For the full coverage of the concepts in the formulation, it is recommended to refer to the original work [40] .
Consider a generally covariant gravitational theory in d-dimensional spacetime, with some probable internal gauge symmetries, e.g. some Maxwell-like gauge fields A a labelled by the index a. The dynamical fields (e.g. the metric, gauge fields, scalar fields, . . . ) can be denoted collectively by Φ(x µ ). In addition, consider a family of BH solutions to this theory, represented by the dynamical fieldsΦ(x µ ; p j ). As the notation suggests, we assume that dynamical fields are identified by some parameters p j up to unphysical coordinate transformations. Exact symmetries for such a family of solutions would be transformations generated by η such that
in which ζ = ζ µ ∂ µ is a vector field over spacetime and λ a are some scalars generating gauge transformations A a → A a + dλ a . Hence, exact symmetries are those diffeomorphism+gauge transformations whose combination do not change the dynamical fields at all. Focusing on a BHΦ(x µ ; p j ) in the family mentioned above as a solution to the theory under consideration, one can attribute variations of a conserved charge to each one of the exact symmetry generators η, denoted byδH η 2 . To this end, one can follow the instructions below.
1. One needs to calculate a (d − 2)-form associated with the theory, and for a generic diffeomorphism+gauge transformation ǫ = {ξ, λ a } (not necessarily an exact symmetry generator) [11, [45] [46] [47] . This (d−2)-form is denoted by k ǫ (δΦ, Φ). Φ and δΦ have to satisfy e.o.m and linearized e.o.m respectively. The k ǫ is pragmatically the most important form which one needs to calculate the conserved charges. Calculation of the k ǫ (δΦ, Φ) is a standard subject. In this practical review, we will not delve into its conceptual origin and explicit definition. We postpone this important issue to the Appendix A, which its major part is devoted to the introduction of k ǫ and its explicit calculation for the simple Einstein-Hilbert theory, which is the relevant theory for our discussions. Therefore, here, we assume that it is known for the theory under consideration. The nice thing is that once k ǫ is calculated, it can be used for any solution to the theory.
2. For the chosen solution, the "parametric variations" are needed to be calculated, which are denoted byδΦ. They can be calculated simply by differentiating dynamical fields with respect to the parameters [48] 
3. The dynamical fields Φ, the perturbations δΦ, and the generator ǫ in the k ǫ (δΦ, Φ) should be replaced by the black hole solutionΦ, parametric variationsδΦ, and exact symmetry generator η respectively. Then, an integration over an arbitrary closed, smooth, and spacelike d − 2-dim surface ∂Σ surrounding the BH singularity should be taken. Mathematically,δ
4. Integration above would be unambiguous, and a function of parameters p j . It would not be a function of the spacetime coordinates (the reason is postponed to Appendix A), i.e.δH η =δH η (p j ). If this function is integrable over the parameters, then the conserved charge H η would be found by an integration over the parameters, i.e.
The H η [Φ] is the reference point (i.e. constant of integration) for the H η defined on some specific reference field configurationΦ(x µ ;p j ).
For clarity let us give a simple example. Einstein-Hilbert (EH) theory is a generally covariant gravitational theory which is described by the Lagrangian L = 1 16πG R without any gauge fields present. The Kerr BH, which can be represented by the metric
is a solution to the equation of motion of this theory in 4-dimensions [49] , and is identified by two parameters p 1 ≡ m and p 2 ≡ a. So, the dynamical field would be the metricĝ αβ (x µ ; m, a).
The horizons are at the radii r ± = Gm± √ G 2 m 2 − a 2 . Exact symmetries for this solution are the stationarity and axial isometry (generated by the Killing vectors ζ = ∂ t and ζ = ∂ ϕ ) and any linear combination of them. Let us use the instructions above to find the mass M and angular momentum J for our simple BH; the Kerr BH. The first step: the theory is the EH theory. There is not any gauge field present, so ǫ would be {ξ, 0} for some arbitrary vector field ξ = ξ µ ∂ µ . Hence for bookkeeping, we can use ξ instead of ǫ = {ξ, 0}. The (d−2)-form k ξ (δg αβ , g αβ ) is well-known for the EH theory to be
in which h µν ≡ g µσ g ντ δg στ and h ≡ h 
in whichĝ αβ is the Kerr metric (2.5). The third step starts by the replacement g αβ →ĝ αβ , δg αβ →δg αβ and ξ → ζ in the k EH ξ reported in the Eq. (2.6), for some arbitrary Killing vector field ζ. Then, the integration over a closed smooth 2-dim surface ∂Σ surrounding the singularity of the BH, i.e. enclosing the r = 0, should be calculated. For simplicity of calculations, we can take the ∂Σ to be any surface of constant (t, r) for r > 0. Therefore, the final expression to be calculated would bê
in which k EH tr ζ is simply the tr component of the Eq. (2.7). Thanks to the linearity of thê δH ζ in terms ofδg αβ , the parametric variations (2.8) can be inserted into the Eq. (2.9) term by term, simplifying the calculations. The fourth step would be integrating the result over the parameters m and a. The results are reported below.
Mass and angular momentum: Choosing the Killing vectors η M = ∂ t and η J = ∂ ϕ , thê δM andδJ are found respectivelŷ
The relative minus sign in the definition of the angular momentum is the standard unimportant convention. The reference point of the mass, 
,
The same procedure as the mass and angular momentum for the η H yieldŝ
In the last step, integration over parameters has been calculated such that reference points would vanish for the Minkowski spacetime.
First law(s):
Using the relation between generators of the entropy, mass, and angular momentum, i.e. 14) and noticing the linearity of δH ξ in ξ (see Eq. (2.6)), the first law associated with the horizon at r H would simply follow as 15) in which the Hawking temperature(s) T H = κ H 2π are used. Notice that depending on the choice of inner or outer horizon, there are two versions of the first law. Nonetheless, it is usual to identify the equation corresponding to the outer (event) horizon as the first law of thermodynamics, due to the positivity of the temperature. Also note that the only condition on the perturbations δg αβ in Eq. (2.15) is satisfying linearized e.o.m. So, they include parametric variationsδg αβ , in addition to other dynamically allowed perturbations.
We encourage the reader to repeat the steps above for the Kerr-AdS BHs, in order to realize simplicity and reliability of the formulation. A good news is that k ǫ (δΦ, Φ) in Eq. (2.6) would be independent of the choice of cosmological constant Λ in the EH theory. Hence, the first step in the instructions is already done.
Solution Phase Space Method works similarly for many other (not necessarily BH) solutions to generally covariant gravitational theories, in any dimensions and with generic asymptotic behaviors. To see more examples including BTZ, Kerr-Newman, Kerr-AdS, 5-dim Myers-Perry, 4-dim Kaluza-Klein BHs and near horizon geometry of their extremal cases, the papers [40, 41] can be referred. A conceptual review of SPSM is provided in Appendix A. In the next section, we use this method to study the thermodynamics of the Kerr-dS BHs.
Conserved charges and first law(s) for Kerr-dS black holes
Equipped with the SPSM, we can find the Hamiltonian generators labelling the Kerr-dS BHs, i.e. mass M and angular momentum J. Besides, using the normalized horizon Killing vectors η H , the entropies S H can be found. For sure, to find the finite integrated results, variations of the mentioned conserved charges have to be integrable. Finally, the first law(s) of thermodynamics as identities relating variations of these charges will be presented, although their general proof in the context of SPSM is very simple and has been provided in Ref. [40] .
Kerr-dS BH is a 4-dimensional solution to the gravitational theory described by the Lagrangian density L = 1 16πG (R−2Λ), in which R and Λ > 0 are Ricci scalar and cosmological constant respectively [50] . This BH has only one dynamical field, which is the metric
This metric has two parameters p 1 = m and p 2 = a. They are free parameters up to some physical constraints [51] , which are unimportant in our discussion. Radius of the dS 4 has been denoted by l, which is related to the Λ by the relation Λ = 3 l 2 . The metric is written in coordinates such that the BH be nonrotating with respect to infinity, i.e. at the r → ∞. As we will see in a moment, these coordinates have the nice property that exact symmetries to which mass and angular momentum are associated have the simple form of ∂ t and ∂ ϕ respectively. Putting this issue aside, according to the covariance of the SPSM, the choice of coordinates would be irrelevant to the calculation of conserved charges.
The SPSM instructions for calculating the charges can be performed easily as below.
1. For the EH gravity with arbitrary cosmological constant, the k ǫ (δΦ, Φ) is exactly the Eq. (2.6) (see Appendix A).
2. The parametric variations can be simply found by Eq. (2.8) in whichĝ αβ would be the Kerr-dS metric Eq. (3.1).
3. For the specific choices of the exact symmetries η M = ∂ t and η J = ∂ ϕ , mass and angular momentum variations can be found by Eq. (2.9) to bê
4. By integration over parameters (which is basically integration over solution phase space [40] ), finite results are found to be unambiguously
The reference fields (constant of integrations) are chosen to be vanishing mass and angular momentum for m = a = 0, i.e. the pure dS 4 spacetime.
Notice that the results, which are reported above, are independent of the chosen surface of integration ∂Σ. Hence, the M and J can be considered as charges attributed to the geometry as a whole, irrespective to any specific horizon or asymptotics. Moreover, assuming 0 ≤ m and 0 ≤ a, mass and angular momentum are positive (cf. negative results in the literature). Calculation of the entropy would be similar to the mass and angular momentum, but for the normalized horizon Killing vector η H = 2π κ H {ζ H , 0} in which
where κ H and Ω H are surface gravity and angular velocity on the chosen horizon respectively [16] . In the above, r H is radius of the chosen horizon as a solution to ∆ r = 0, explicitly
In other words, r H can be the radius of any one of the horizons present in the Kerr-dS geometry, for the specific choice of m and a (see [51] for detailed analysis). We will discuss more on this issue at the end of this section. The result of the calculations turns out to bê
Therefore, one may integrateδH η H over parameters/solution phase space, to obtain the corresponding charge. For any choice of horizon, the reference point of the entropy can be chosen such that G in order to reproduce Eq. (3.8), which is the well-known Gibbons-Hawking entropy of cosmological event horizon [16] .
In the context of SPSM, the first law(s) of BH thermodynamics enjoy a very simple proof [40] . It is so simple that it can be explained in words, in one sentence! It is: δH ξ is linear in its generator vector field ξ, so the relation If the reader has already followed the calculations for the Kerr-AdS BHs (which can be found in Refs. [40, 41] ), she/he might have found that the analysis for the Kerr-dS BHs is exactly similar, if one keeps an abstract and undetermined Λ in calculations. It is basically because the SPSM is insensitive to the chosen Λ. As a result, as far as conserved charges and the first law(s) of thermodynamics are concerned, we can unify the 4-dimensional stationary BHs with either AdS, flat or dS asymptotics. The unified results has been presented in Sec. 1 and we will not repeat here.
Here, it is a good place to discuss about two questions. The first question is about the choice of ∂ t as the exact symmetry generator of the mass. In the asymptotic de Sitter BH geometries, there is not a clear choice for this generator, in contrast to e.g. asymptotic flat cases. The problem originates from the different signature of the metric outside the cosmological horizon. Nonetheless, SPSM enables us to choose the correct generator. Specifically, integrability condition imposes strong constraint on the choice of the generator, which rules out other proposed candidates (see Ref. [36] and Refs. therein). For example, if one uses the time translation in the Boyer-Lindquist coordinates (e.g. see Refs. [15, 32] to find explicit metric in this coordinates) as the generator for the mass, then the result would not be integrable. To see the reason, denoting the time in Boyer-Lindquist coordinates by τ , it can be found that
Replacing the right hand side from Eq. (3.2) and (3.3), the result would be manifestly nonintegrable on parameters. We will refer the reader, who is interested in rigorous integrability calculations, to the Eq. (A.9) in Appendix A, and also to the main reference [40] . It is also worth mentioning that in addition to the integrability, another guide for the choice of the correct generator with the correct sign would be paying attention to the unified description of thermodynamics of Kerr-AdS, Kerr, and Kerr-dS BHs; in Kerr and Kerr-AdS we know how to fix the mass generator. Hence by smooth change of Λ, we can find the appropriate generator in the Kerr-dS BH. The second question is about how we can choose the horizon responsible for defining the "usual entropy" and "usual first law" for the Kerr-dS BH. As it was emphasized earlier, in SPSM, one can associate "entropy" variations to any one of the horizons present in the geometry, including BH or cosmological horizons, utilizing associated normalized horizon Killing vector η H . This interesting freedom is also present in the choice between outer and inner horizons in the usual BH geometries without cosmological horizon, e.g. the Kerr and Kerr-AdS BHs. Moreover, an identity analogous to the first law would also follow for each one of the horizons, simply because of linearity of charge variations in their generators, accompanied by the freedom of the integration surface for all charges including the entropies. After that, in the case of integrable entropy variations (which is generically true for any horizon), the finite entropy can be found. Although these first laws are not independent identities, but the choice of event horizon, i.e. the outermost horizon of BHs, is an standard choice in order to have positive surface gravity, and so positive temperature. For example, this is the choice for the Kerr and Kerr-AdS BHs. We can request similar choice for the Kerr-dS BH for the same reason. Besides, one might reach to the same choice by requesting temperature and entropy to be continuous functions of Λ when Λ changes sign. So the choice of event horizon for Kerr-AdS and Kerr BHs would be extended to the similar choice for Kerr-dS BH. Nevertheless, it can be an interesting line of research to understand physical implications of different entropies associated with different horizons, and their relation to the microstates of the system.
Generalization of the analysis presented in this section to 4 < d dimensional spacetime is straightforward, because this generalization for calculation of charges in SPSM is straightforward. Hence, one would not expect anything new in that analysis, and the unification can be taken as granted although it needs direct check. In this paper, we will not ensue this line of generalization. Instead, we generalize the analysis to include electric charge in the next section.
4 Conserved charges and first law(s) for Kerr-Newman-dS black holes
Here, we analyse Kerr-Newman BHs with AdS, flat or dS asymptotics in the unified picture achieved in the preceding section. We will highlight the main points and results. So, repeated technical details of calculations might be ignored. The theory under consideration would be the Einstein-Maxwell-Λ theory, which is described by the Lagrangian density L = 1 16πG (R − F 2 − 2Λ). The F = dA is the electromagnetic field strength, and A = A µ dx µ is the gauge field. Dynamical fields of the mentioned BH solutions are the metricĝ αβ (x µ ; m, a, q) and the gauge fieldÂ α (x µ ; m, a, q), collectively denoted byΦ. The metric in asymptoticallynonrotating coordinates would be similar to the metric (1.1) by the replacement ∆ r ≡ (r 2 + a 2 )(1 − Λr 2 3 ) − 2Gmr + q 2 [12] . In these coordinates, the gauge field would bê
These dynamical fields satisfy the equations of motion
For the theory under consideration, and for diffeomorphism+gauge transformation ǫ = {ξ, λ}
where k EH µν ǫ is the one in Eq. (2.7), and
(4.4) Notice that in the equation above
The solutions which we have focused on are identified by three parameters (m, a, q). So, parametric variationsδΦ arê
Mass and angular momentum: Calculating Hamiltonian generators for exact symmetries generated by η M = {∂ t , 0} and η J = {∂ ϕ , 0} on any 2-dimensional spacelike smooth surface ∂Σ, theδM andδJ are unambiguously found, which are respectively aŝ
The reference points have been chosen such that pure dS 4 spacetime would have vanishing mass and angular momentum.
Electric charge: By the choice of η Q = {0, 1}, i.e. the global part of the gauge transformations, and integrating on ∂Σ mentioned above, electric charge is found aŝ
The reference points is clearly vanishing electric charge for the pure dS 4 spacetime.
Entropies:
The horizon surface gravities, angular velocities and electric potentials are respectively
(4.10)
, the entropy variation can be found to bê
11) in which ∂Σ can be chosen any 2-dimensional spacelike smooth surface surrounding the singularity. Notice that η H contains a nonzero gauge transformation, which is almost fixed by the integrability condition. This gauge transformation provides a democratic picture in contribution of axial and gauge U (1) symmetries to the entropy. Finally, by integration over solution phase space and choosing appropriate reference points,
First law(s): Using the decomposition 13) by the linearity ofδH η in η, and T H = κ H 2π , the first laws would simply follow as
At the end, we emphasize that in the analysis above, one can replace r H by the radius of each one of the horizons (including cosmological horizon), and the analysis would remain valid. But, one might use the standard choice in the BH context, i.e. the BH event horizon.
Conclusion
Equipped with the SPSM, we analysed the thermodynamics of the Kerr-(Newman)-dS BHs, resulting in a coherent thermodynamic description which was reported in the Introduction, and with the main features summarized below.
• Democracy for the surfaces of integration: Mass, angular momentum, and electric charge are charges attributed to the geometry, not any specific horizon or asymptotics. They can be calculated on any closed and smooth spacelike codimension-2 surface surrounding the singularity of the BH. Other conserved charges (e.g. the entropies) respect this democracy too.
• Unambiguous and regular conserved charges: The mass, angular momentum, electric charge, and entropies are conserved charges associated with exact symmetries. So, they are calculated unambiguously, irrespective to the ambiguities in the symplectic structure. Moreover, the results are regular and finite automatically.
• Importance of the asymptotically non-rotating frame: Mass is the conserved charge associated with the Killing vector ∂ t in asymptotically non-rotating frame. Besides, the angular velocities which are manifest in the first law(s) are angular velocities in this frame.
• Democracy for the horizons: For each one of the horizons, either cosmological or BH event horizons, one can associate temperature, angular velocity, electric potential, and entropy. The entropies as conserved charges can be calculated on any spacelike, smooth, and closed codimension-2 surface surrounding the singularity of the BH. Moreover, for each one of the horizons there is an identity relating variations of mass, angular momentum, and electric charge to the variation of associated entropy, similar to the first law of thermodynamics.
• Democracy for the signs of the cosmological constant: Keeping the cosmological constant Λ as an abstract parameter of the theory in the solution, the thermodynamics of Kerr, Kerr-AdS and Kerr-dS can be cast in a unified presentation.
Among the features above, the unambiguity and independence from the surfaces of integration have rigorous derivations. But, other features can be considered as some observations, which studying their physical and mathematical origins can be some interesting lines of research.
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A A deeper review on solution phase space method
The goal of this appendix is to provide a conceptual review on SPSM, although reference to the original paper [40] is recommended. Before reviewing SPSM, we need to recap a standard phase space construction, dubbed as covariant phase space formulation [10, 11, [42] [43] [44] [45] .
Covariant phase space formulation: Phase space F(M, Ω) is a manifold M equipped with a closed nondegenerate symplectic form Ω. In classical field mechanics, it is usual to build the phase space canonically, i.e. building the M from a subset of field configurations Φ( x) and their momentum conjugates defined on some privileged time foliation of spacetime. In this construction, solutions to the equation of motion are some curves on M parametrized by the time. Interestingly, in the context of generally covariant gravitational theories, there is a more suitable construction which does not break general covariance by specifying a time foliation. In this construction, M is composed of dynamical field configurations all over the spacetime Φ(x µ ). On the other hand, there would not be any field conjugate present. As a result, any solution to the equation of motion in the phase space would be a point on M, instead of a curve. The tangent space of the manifold is also constituted from a subset of perturbations δΦ(x µ ). The symplectic 2-form which makes M to be a phase space is constructed from the Lagrangian d-form L. To this end, picking up the Lee-Wald (d−1)-form Θ from the variation of Lagrangian
the symplectic form would be [10, 11, 45 ]
The E Φ denotes equation of motion for the field Φ, the Σ is some codimension-1 (Cauchy) surface and δ This ambiguity entails corresponding ambiguities in the Ω defined above, through
Using the symplectic form, one can associate a Hamiltonian generator (interchangeably called conserved charge) to a diffeomorphism+gauge transformation ǫ = {ξ, λ a } as
The δ [Φ] emphasizes that δ acts on dynamical fields, not the ǫ.
where A a are some probable Abelian gauge fields. In the equation above, the integrand in the first integration has been replaced by an exact (d−1)-form dk ǫ . So, the last equation follows from the Stokes theorem. The (d−2)-form k ǫ is explicitly as (see Appendix A in Ref. [40] for detailed derivation)
in which Q ǫ is the Noether-Wald charge density, defined by the relation
Hence, by the Eq. (A.7), k ǫ can be found for different theories straightforwardly. Putting it into Eq. (A.6), if the last integral would be finite and nonvanishing, δH ǫ (Φ) then corresponds to a conserved charge variation. In order to find the finite conserved charge H ǫ , integrability over the phase space is needed. This condition is basically (δ 1 δ 2 − δ 2 δ 1 )H ǫ (Φ) = 0, in which Φs are any field configuration in the presumed phase space F, and δ 1,2 Φ are any arbitrary chosen member of its tangent space. Then, it follows that the integrability condition can be explained as [45, 46, 52 ]
As far as calculation of conserved charges are concerned, conservation of δH ǫ can be guaranteed if ǫ is chosen such that ω(δΦ, δ ǫ Φ, Φ) = 0 on-shell. It is because there would not be any flow out of the boundaries locally, and hence globally. The family of ǫ's with this property, which has been dubbed "symplectic symmetry generators" [53] , can be divided to two sets: 1) the ones for which δ ǫ Φ = 0 at least on one of the points of the phase space, 2) the ones for which δ ǫ Φ = 0 all over the phase space. The former set, dubbed as "nonexact symmetry generators", constitute a closed algebraic structure, and are considered to be responsible for generating the phase space of a solution at given constant thermodynamical variables. We can dub the generated phase space as "statistical phase space". Hence, they open a road towards understanding microstates of the system (see [52] [53] [54] for works in this direction). The latter set are dubbed "exact symmetry generators" and are considered as generators of the set of solutions in different thermodynamical variables [40] . The generated phase space has been called "solution phase space" which we describe below. It has been conjectured that the phase space associated with the geometries without propagating degrees of freedom are composed of the combination of statistical and solution phase spaces [40] .
Solution phase space method: This method is specification of the covariant phase space formulation to some specific manifolds and their tangent spaces which endows that method the power of calculability. Consider a family of (black hole) solutions to a generally covariant gravitational theory. Usually, such a family is identified by some isometries and some parameters p j . The parameters are some arbitrary (but with constrained domain) real numbers appearing in the field configuration of the mentioned solutions. The parameters can be reparametrized, but can not be removed by coordinate transformations. The manifoldM can be chosen to be composed of the members of the family, up to unphysical coordinate/gauge transformations. The symplectic 2-formΩ would be simply the Lee-Wald symplectic form confined toM. Then, the F p = (M,Ω) would be a phase space, the "solution phase space". Hence, any point of the manifold can be identified byΦ(x µ , p j ). Tangent space of theM is spanned (up to infinitesimal pure gauge transformations) by "parametric variations" which are found simply by [48] 
These variations, which are infinitesimal difference of two solutions, satisfy linearized equation of motion. Hence, they respect dω LW (δ 1 Φ,δ 2 Φ,Φ) = 0.
As it was advertised above, conservation ofδH ǫ is guaranteed if ǫ is chosen to be an exact symmetry generators η defined in Eq. (2.1). This results is because of ω LW (δΦ, δ ηΦ ,Φ) = 0, (which itself is a result of linearity of ω LW in δ ηΦ = 0), preventing flow of ω LW out of the boundaries ∂Σ. Along with guaranteeing the conservation, the relation ω LW (δΦ, δ ηΦ ,Φ) = 0 yields an additional interesting and unexpected result:δH η would also be independent of the chosen ∂Σ. It is because of vanishing of ω LW all over the Σ, and hence, vanishing of ω LW in the region enclosed between two different integrating surfaces ∂Σ 1 and ∂Σ 2 . Then, by the Stokes theorem, and noticing the Eq. (A.6), the claim is proved. Explaining this result in another way, although the integration in calculatingδH η is over codimension-2 surface ∂Σ, but the result would be independent of all coordinates, including the two coordinates which are not integrated on.
Focusing on exact symmetries results in another nice feature for calculation of their conserved charges; discarding the ambiguity Y. This is because of δY(δ η Φ, Φ)− δ η Y(δΦ, Φ) = 0, which is a result of the linearity of the left hand side in δ η Φ = 0. Using this identity together with Eq. (A.5) in the (A.6), then there would not be any ambiguity in the definition of conserved charges as far as exact symmetries are concerned. Summarizing the last two paragraphs, the charges associated with exact symmetries are conserved, unambiguous, and independent of the chosen described surfaces of integration ∂Σ.
So far, the SPSM has provided all materials needed to calculateδH η (p j ). The final tasks are checking integrability overM, and (if integrable) performing the integration. The former is feasible simply by replacing δΦ and ǫ in Eq. (A.9) byδΦ and η. The latter is abstractly the integration in Eq. (2.4), and pragmatically integratingδH η (p j ) over the parameters p j . k ξ for EH-Λ theory: To make the paper self-contained, here we provide the derivation of k ξ for the EH-Λ theory, which is described by the Lagrangian density L = In order to find the explicit form of the k ξ through Eq.(A.7), in addition to the equation above, the calculation of δQ ξ is also needed. To this end, by the definition (A.8) and using the equations of motion, one finds .15) in which the notation δg µν ≡ g µα g νβ δg αβ = −δ(g µν ) has been used. Notice that by δ(g µν ) we meant the direct action of δ on g µν . The next step in calculating the k ξ would be finding the second term in (A.7), which is can be read as
By the Hodge duality, we would have k EH ξ = ⋆k EH ξ , where
(A.19) Notice that this result is independent of the cosmological constant Λ.
